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A systematic analysis of the linear and nonlinear optical properties of realistic quantum wires is presented.
The proposed theoretical approach, based on a set of generalized semiconductor Bloch equations, provides a
full three-dimensional multisubband description of carrier-carrier correlation for any profile of the confinement
potential, thus allowing a direct comparison with experiments on available structures. In agreement with
previous investigations based on simplified one-dimensional models, our analysis shows that, also for realistic
quantum-wire structures, electron-hole Coulomb correlation completely removes the one-dimensional band-
edge singularities from the linear-absorption spectra. Moreover, we find that this effect is present also at high
densities ~corresponding to gain regimes! and contributes significantly in suppressing the ideal sharp features
of the free-carrier density of states. The multisubband nature of available state-of-the-art structures is found to
play a dominant role in determining the overall spectral shape in the whole density range. @S0163-
1829~96!05123-5#
I. INTRODUCTION
One-dimensional ~1D! semiconductor structures have re-
ceived much interest in recent years, and promising advances
have been obtained in quantum-wire fabrication and in ap-
plications, e.g., to laser devices.1 The current research aims
at achieving structures with improved performance with re-
spect to their three-dimensional ~3D! and two-dimensional
~2D! counterparts, by taking advantage of the 1D singulari-
ties that are expected in the density of states and optical
spectra on the basis of single-particle band models.
However, it is now well known that excitonic and corre-
lation effects may be very important in low-dimensional
semiconductors.2,3 For 1D systems, such effects were studied
mostly within single-subband one-dimensional models ~in-
cluding electron-hole interaction through modified 1D Cou-
lomb potential!.4,5 Within these models, the band-edge sin-
gularity in the 1D density of states ~DOS! is smoothed when
excitonic effects are taken into account; moreover, Coulomb
correlation is found to reduce the absorption spectrum above
the band edge, contrary to the well known results for 2D and
3D systems.4
The influence of Coulomb correlation on the optical spec-
tra of realistic wires and its implications for device perfor-
mances has not been fully explored so far. It is, therefore,
important to extend the above studies to the wires made
available by state-of-the-art technology, which are still far
from an ideal 1D nature owing to the size and shape of their
confinement potential. Indeed, in V-groove1,6–10 or
T-shaped cleaved-edge structures,11 quasi-one-dimensional
confinement has been demonstrated for the lowest
level,1,6–8,10,11 while excited states gradually approach a 2D-
like behavior. Also, subband separation is still relatively
small in all the available samples, so that coupling between
different subbands may be important.
The purpose of the present paper is to introduce a theo-
retical scheme allowing a full three-dimensional treatment of
Coulomb correlation in multisubband nanostructures with re-
alistic geometries, in a wide range of temperatures and car-
rier densities. Our approach is based on a set of generalized
semiconductor Bloch equations, which are solved within the
Hartree-Fock approximation and provide the modified opti-
cal spectrum for bound and continuum states in the linear
and nonlinear regimes. Moreover, the calculations allow us
to understand the ingredients that are responsible of such
modifications.
Within such scheme, we shall address the key issue,
whether electron-hole correlation is still expected to heavily
affect the optical spectra of quantum wires when their actual
size and shape are taken into account. We shall also discuss
in which cases its effects may hinder the possible advantages
of the reduced dimensionality in the intervals of temperature
and carrier density, which may be relevant for device appli-
cations. Apart from its relevance in terms of basic many-
body Coulomb theory, the answer to these questions is im-
portant for the perspectives of quantum-wire physics and
technology.
The paper is organized as follows. In Sec. II, we describe
the proposed theoretical approach, we introduce the physical
system as well as the kinetic equations, and discuss the in-
PHYSICAL REVIEW B 15 JUNE 1996-IIVOLUME 53, NUMBER 24
530163-1829/96/53~24!/16462~12!/$10.00 16 462 © 1996 The American Physical Society
gredients and the typical quantities obtained as an output of
the calculations. Section III presents our numerical results
for a typical V-shaped quantum wire: In Sec. IIIA the single-
particle results are presented, while in Sec. IIIB the various
many-body effects induced by Coulomb correlation are dis-
cussed both in the linear and nonlinear regimes. Finally, in
Sec. IV we discuss the implications of our results and draw
some conclusions.
II. THEORETICAL APPROACH
The physical system under investigation is a gas of carri-
ers confined in a quasi-one-dimensional semiconductor
structure. As usual, the total Hamiltonian of the system can
be regarded as the sum of two terms: A term describing the
single-particle properties, i.e., free carriers plus confinement
potential plus carrier-light interaction, and a term describing
many-body effects, i.e., Coulomb correlation. As usual, the
latter will be treated within some approximation scheme.
A. Single-particle description
Let us consider the gas of noninteracting carriers, elec-
trons (e) and holes (h) confined within the quasi-one-
dimensional semiconductor structure. The quantum confine-
ment is described in terms of a potential Vc
e/h
, the height of
which is dictated by the conduction-valence-band disconti-
nuities.
Since the energy region of interest is relatively close to
the wire band gap, we describe the bulk band structure in
terms of the usual effective-mass approximation. In addition,
since the confinement potential Vc
e/h is a slowly varying
function on the scale of the lattice periodicity, we work
within the ‘‘envelope-function approximation.’’
By denoting with z the free wire direction, the confine-
ment potential Vc
e/h is a function of the two confinement
directions x and y only; Therefore, the system is still trans-
lationally invariant along the wire direction and the z com-
ponent of the carrier wave vector kz is a ‘‘good’’ quantum
number. As a consequence, the carrier wave function can be
factorized in terms of a plane wave along the free direction,
z , times an envelope function f(x ,y) over the normal plane;
the carriers within our wire structure are then described by
the following 2D Schro¨dinger equation:
F2 \22me/h S ]
2
]2x
1
]2
]2y D1Vce/h~x ,y !Gfne/h~x ,y !
5en
e/hfn
e/h~x ,y !, ~1!
where me/h denotes the bulk effective mass for electrons or
holes. Here, the set of eigenvalues en
e/h corresponds to the
energy levels of the carriers induced by the confinement-
potential profile Vc
e/h ; therefore, the explicit form of the band
structure for a carrier in the wire is
ekzn
e/h5en
e/h1
\2kz
2
2me/h . ~2!
For each of the energy levels en
e/h
, we thus have a 1D para-
bolic band, named ‘‘subband’’ and characterized by the same
bulk effective mass me/h.
For the ideal case of rectangular wires with infinite poten-
tial barriers, the problem can be again factorized along the
two confinement directions x and y .12 On the contrary, for
the case of V-shaped,1,6–8,10 or T-shaped structures,11 we are
forced to consider a truly two-dimensional approach. Our
numerical solution of the 2D Schro¨dinger equation ~1!,
which is based on a plane-wave expansion with periodic
boundary conditions, is described in Appendix A. Such a
numerical approach can be easily generalized to the case of
an applied magnetic field as described in Ref. 13.
In terms of the above single-particle representation
$kzn% @i.e., the set of 3D eigenfunctions Fkzn
e/h(r)
}fn
e/h(x ,y)eikzz and the corresponding band structure ekzn
e/h#,
the single-particle Hamiltonian, i.e., the Hamiltonian de-
scribing the free carriers within our 1D structure interacting
with a classical light field, can be written as
Hsp5(
kzne
ekzne
e ckzne
† ckzne1 (kznh
ekznh
h dkznh
† dkznh
2 (
kz ,nenh
@Mkz ,nenhE0~ t !e
2ivLtckzne
† d2kznh
†
1Mkz ,nhneE0*~ t !e
ivLtd2kznhckzne# , ~3!
where the second-quantization operators ckzne
† (dkznh
† ) and
ckzne (dkznh) describe, respectively, the creation and the an-
nihilation of an electron ~a hole! in state kzne (kznh). Here,
Mkz ,nenh5Mkz
bulkE dx dy fnee*~x ,y !fnhh ~x ,y ! ~4!
denotes the dipole matrix element for the optical transition
kznh!kzne , while E0(t) is the amplitude of the external
light field with frequency vL . The carrier-light interaction is
treated within the usual dipole and rotating-wave approxima-
tions.
B. Many-body description
The carriers within the quantum wire interact via the Cou-
lomb potential V0(r). Due to such interaction, several corre-
lation effects take place. Here, only processes conserving the
total number of carriers are considered, thus Auger recombi-
nation and impact ionization are neglected. Such processes
are known to become important only at very high densities
and at energies high up in the band.14
The many-body Hamiltonian describing carrier-carrier in-
teraction within our kzn representation is given by
Hmb5 (
kz
1n
e
1
,kz
2n
e
2
,kz
3n
e
3
,kz
4n
e
4
1
2 Vkz1ne1 ,kz2ne2 ;kz3ne3 ,kz4ne4
0
3ck
z
1n
e
1
†
ck
z
2n
e
2
†
ck
z
3n
e
3ck
z
4n
e
4
1 (
kz
1nh
1
,kz
2nh
2
,kz
3nh
3
,kz
4nh
4
1
2 Vkz1nh1 ,kz2nh2 ;kz3nh3 ,kz4nh4
0
3dk
z
1nh
1
† dk
z
2nh
2
† dk
z
3nh
3dk
z
4nh
4
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4
Vk
z
1n
e
1
,k
z
2nh
2 ;k
z
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4
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where
Vk
z
1n1,k
z
2n2;k
z
3n3,k
z
4n4
0
5E drE dr8 Fk
z
1n1
e/h*
~r!Fk
z
2n2
e/h*
~r8!
3V0~r2r8!Fk
z
3n3
e/h
~r8!Fk
z
4n4
e/h
~r! ~6!
are the matrix elements of the ‘‘bare’’ Coulomb potential
V0(r) for the generic two-particle transition
kz
4n4,kz
3n3!kz1n1,kz2n2. We want to stress the full 3D nature
of the present approach based on the knowledge of the 3D
carrier wave functions F . The explicit evaluation of the
above matrix elements for a generic 2D confinement-
potential profile Vc
e/h
, i.e., for a generic set of wave func-
tions fkzn
e/h
, is described in Appendix B.
The first two terms on the right-hand side of Eq. ~5! de-
scribe the repulsive electron-electron and hole-hole interac-
tions, while the third one describes the attractive interaction
between electrons and holes. Due to the multisubband nature
of our approach, all these three terms describe intrasubband,
as well as intersubband interaction processes.12
The presence of free carriers leads to a two-component
screening of the Coulomb potential V0. As usual, the
screened potential V can be schematically written as
V5«21V0, ~7!
where «21 denotes the inverse of the dielectric tensor « . As
for any confined system, we deal with a nondiagonal dielec-
tric tensor. It is not the aim of the present paper to discuss the
derivation of the dielectric response of a multisubband 1D
system. We will employ the multisubband screening model
discussed in Ref. 12.
C. Kinetic equations
Starting from the above $kzne/h% representation, we intro-
duce the following kinetic description: We consider as ki-
netic variables the various distribution functions of electrons
and holes ~intraband density-matrix elements!,
f kzne
e 5^ckzne
† ckzne&, f kznh
h 5^dkznh
† dkznh&, ~8!
as well as the corresponding diagonal (ne5nh5n) polariza-
tion fields ~interband density-matrix elements!,
pkzn5^d2kznckzn&. ~9!
Such polarizations pkzn describe the phase coherence be-
tween electrons in state kzne and holes in state 2kznh ;
Therefore, they reflect the degree of coherence of our
electron-hole system and, more precisely, they are propor-
tional to the 3D exciton wave function in our kzn represen-
tation:
c~re ,rh!}(
kzn
pkznFkzn
e ~re!Fkzn
h* ~rh!. ~10!
In particular, starting from the above exciton wave function
c , we can define a 1D electron-hole correlation function vs
the relative free coordinate z5ze2zh as
g~z !} (
kzkz8n
pkzn* pkz8ne
i~kz82kz!z
. ~11!
The kinetic description introduced in Eqs. ~8! and ~9! is a
generalization to 1D systems of a standard approach for the
study of bulk semiconductors3,15 recently applied also to
quantum well structures16 and superlattices.17
The time evolution of the above kinetic variables is ob-
tained by applying the standard ‘‘Heisenberg-equation tech-
nique’’ as described in Refs. 3,15. The total Hamiltonian
H5Hsp1Hmb, the explicit form of which is given in Eqs. ~3!
and ~5!, induces two different contributions to the dynamics
of the system:
]
]t
f kzn
e/h5
]
]t
f kzn
e/hU
sp
1
]
]t
f kzn
e/hU
mb
,
]
]t
pkzn5
]
]t
pkznU
sp
1
]
]t
pkznU
mb
. ~12!
The single-particle Hamiltonian Hsp in Eq. ~3! leads to the
following set of kinetic equations:
]
]t
f6kzn
e/h U
sp
5
1
i\ ~Ukznpkzn
* 2Ukzn* pkzn! ,
]
]t
pkznU
sp
5
1
i\ ~ekzn
e 1e2kzn
h !pkzn1
1
i\ Ukzn~12 f kzn
e 2 f2kzn
h !,
~13!
where
Ukzn52MkznE~ t !52MkznE0~ t !e
2ivLt ~14!
is the unperturbed Rabi energy ~proportional to the applied
external field through the optical matrix element!. Here, the
compact notation Mkzn[Mkz ,nn has been introduced. The
6 sign in Eq. ~13! refers to electrons (e) and holes (h),
respectively.
The single-particle dynamics is modified by the many-
body Hamiltonian Hmb of Eq. ~5!. The lowest-order contri-
butions of carrier-carrier interaction, i.e., Hartree-Fock
terms, result in a renormalization DU ~called internal field!
of the Rabi energy U , as well as a renormalization De of the
carrier band structure e:
DUkzn52 (
kz8n8
Vkzn ,2kz8n8;2kzn ,kz8n8
eh pk
z8n8
;
Dekzn
e/h52 (
kz8n8
Vkzn ,kz8n8;kzn ,kz8n8
ee/hh f k
z8n8
e/h
. ~15!
Here, Veh and Vee/hh denote the matrix elements of the
screened Coulomb potential introduced in Eq. ~7! for the
electron-hole and for the electron-electron/hole-hole interac-
tion, respectively. As we can see, the repulsive electron-
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electron ~ee! and hole-hole ~hh! interactions lead to a renor-
malization of the corresponding bands, while the attractive
electron-hole ~eh! interaction gives rise to an internal field
that is responsible for excitonic effects. Higher-order contri-
butions in Hmb give rise to carrier-carrier scattering
processes,12 which lead to energy relaxation and dephasing.
Such incoherent carrier-carrier contributions, as well as the
corresponding carrier-phonon ones, are expected to play a
minor role for most of the physical conditions studied in this
paper and, therefore, they will not be treated explicitly.
Within the above approximation scheme, the full set of
kinetic equations ~12! is then given by
]
]t
f6kzn
e/h 5
1
i\ ~Ukznpkzn* 2Ukzn* pkzn!,
]
]t
pkzn5
1
i\ ~Ekzn
e 1E2kzn
h !pkzn1
1
i\Ukzn~12 f kzn
e 2 f2kzn
h !,
~16!
where U5U1DU and E5e1De denote, respectively, the
renormalized Rabi energies and subbands. The above set of
kinetic equations can be regarded as a generalization to mul-
tisubband 1D systems of the well known semiconductor
Bloch equations ~SBE! commonly used for the analysis of
coherent phenomena in bulk semiconductors.3,15
D. Quasiequilibrium optical absorption
In this paper, we focus on the quasiequilibrium regime,
i.e., we assume that the carrier system is not driven out of
equilibrium by the optical excitation. Therefore, Fermi-Dirac
f kzn
e/h are assumed and the solution of the set of SBE ~16!
simply reduces to the solution of the polarization equation
]
]t
pkzn5
1
i\ ~Ekzn
e 1E2kzn
h !pkzn1
1
i\Ukzn~12 f
˜
kzn
e 2 f˜2kzn
h !,
~17!
where f˜ denotes the Fermi-Dirac distribution function. This
is now a linear equation in pkzn , the general solution of
which can be written in terms of its Green’s propagator, i.e.,
the solution corresponding to a d-like laser excitation E0(t)
}d(t). The above polarization equation can be solved in two
different ways: ~i! Within the so called dynamical
approach,15,17,18 the full time evolution of the polarization is
obtained by means of a time-step solution of Eq. ~17!; ~ii!
The second approach consists in finding the stationary solu-
tions of Eq. ~17!, i.e., polarization eigenvalues and eigenvec-
tors. In this paper, we employ this last approach, the techni-
cal details of which are described in Appendix C.
In order to obtain the optical-absorption spectrum, the to-
tal ~or macroscopic! polarization
P~ t !5
1
V (kzn
Mkzn* pkzn~ t ! ~18!
is then considered. From its Fourier transform
P~v!5E
2`
`
dt eivtP~ t !, ~19!
we derive the optical susceptibility
x~v!5
P~v!
E~v! , ~20!
where
E~v!5E
2`
`
dt eivtE~ t !5E
2`
`
dt ei~v2vL!tE0~ t ! ~21!
is the Fourier transform of the external laser field.
The optical susceptibility x(v) is a complex function; it
provides the absorption spectrum as well as the refractive-
index change. In particular, the desired absorption spectrum
is proportional to its imaginary part:
a~v!}Im@x~v!# . ~22!
We want to stress that within this approach both quantities,
i.e., refractive index and absorption spectrum, are indepen-
dently obtained with no need of applying a Kramers-Kronig
transformation.19
As discussed above, we solve the polarization equation
~17! by numerically computing its stationary solutions, i.e.,
polarization eigenvalues and eigenvectors. As described in
Appendix C, these two ingredients allow us to obtain directly
the optical susceptibility x(v) ~and, therefore, the absorption
spectrum! avoiding any time-dependent analysis.
III. NUMERICAL RESULTS
In the following, we apply the above theoretical approach
to a realistic wire geometry. We consider structures obtained
by molecular beam epitaxy overgrowth over V-grooved
substrates.8 The typical 2D confinement-potential profile
~Fig. 1! is defined according to the wire cross section as
derived from TEM micrographs. The thickness of the
V-shaped region at the apex of the V is about 10 nm. The
large rectangle in Fig. 1 ~about 130340 nm! delimits the
periodicity region used in our calculation. The single-particle
wave functions discussed below will instead be plotted in the
smaller rectangular portion delimited by dashed lines ~about
70325 nm!.
All the results shown in the following refer to typical
GaAs-based V wires with Al xGa12xAs barriers; the
Al xGa12xAs composition and all the material parameters are
the same as those considered in Ref. 8: me50.067m0 ,
mh50.34m0; Vc
e5150 meV, Vch550 meV.
FIG. 1. Typical cross section of V-grooved wires derived from
TEM micrographs and used to define the confinement potential
Vc
e/h(x ,y) entering the single-particle Schro¨dinger equation. The
frame of the figure ~about 130340 nm! delimits the 2D periodic
cell used in the calculation. The dashed lines identify the smaller
rectangular region ~about 70325 nm!, where single-particle and
excitonic wave functions will be plotted ~see Figs. 3, 4, and 6 be-
low!. The wire width along y at the apex of the V is about 10 nm.
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A. Single-particle analysis
The single-particle energy levels for the various wire sub-
bands, as well as their wave functions, are obtained from a
numerical solution of the 2D Schro¨dinger equation,8 as de-
scribed in Sec. IIA. The results are shown in Fig. 2 in the
form of single-particle DOS for electrons @Fig. 2~a!# and
holes @Fig. 2~b!#. Note the different horizontal scales, which
represent excess energies with respect to the bottom of their
bulk bands. Figure 2~c! reports the corresponding joint DOS
as a function of the optical-transition energy.
Figures 3 and 4 show the charge-density contour plots for
electrons and holes in their lowest subbands. Here, the stron-
ger hole confinement is apparent and, more important, we
notice an increasing charge delocalization with increasing
subband index.
We want to stress that, in the present implementation of
our method, all the results for holes have been obtained ne-
glecting valence-band mixing ~VBM!. While recent calcula-
tions, performed for wires with rectangular section of com-
parable size, clearly indicate that VBM should not be
important for the lowest confined states,20 it is known that it
may affect the higher-index eigenstates and the correspond-
ing wave functions ~hence the selection rules!.21,20 We are
currently improving our computational scheme to include
VBM, in order to allow a more detailed comparison with
experiments in that range. The single-particle states dis-
cussed above will be used as basic ingredients for the many-
body analysis presented in the following section.
B. Many-body analysis
1. Linear response: excitonic regime
We now discuss the results for absorption spectra in the
linear regime, as obtained according to Sec. IIB. The role
played by electron-hole correlation is illustrated in Fig. 5 by
comparing results that include Coulomb correlation ~CC!
with those of the free-carrier ~FC! model ~solid and dashed
lines, respectively!. All the spectra have been obtained as-
suming a Gaussian energy broadening of 2 meV. This rela-
tively small broadening ~as compared to that of realistic wire
structures9! allows a better identification of the effects of
electron-hole correlation.
Let us focus first on Fig. 5~a! @Fig. 5~b!#, where only the
first ~second! wire subband is included. It appears that
electron-hole correlation gives rise to two major effects: ~i!
the excitonic peak arises below the onset of the continuum,
with a binding energy Eb of about 12 meV for the lowest
subband and of about 9 meV for the second one. The differ-
ence in Eb reflects the different wave function delocalization
along the V sidewalls ~see Figs. 3 and 4!, as will be dis-
cussed with more detail below. These excitonic splittings are
in excellent agreement with recent magnetoluminescence
FIG. 2. Single-particle densities of states ~a! for electrons and
~b! for holes vs excess energies, with respect to the bottom of the
bulk bands; ~c! corresponding joint density of states vs optical-
transition energy.
FIG. 3. Single-particle charge-density contour plots ufn
e(x ,y)u2
for electrons in their first two subbands, n51 and n52. The plotted
region is about 70325 nm ~see also Fig. 1!.
FIG. 4. Single-particle charge-density contour plots ufn
h(x ,y)u2
for holes in their first two subbands, n51 and n52. The plotted
region is about 70325 nm ~see also Fig. 1!.
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experiments.8 ~ii! The shape of the CC spectrum in the con-
tinuum region is drastically modified with respect to the FC
one. In agreement with previous investigations based on sim-
plified 1D models,4,5 we find a strong suppression of the 1D
DOS singularity.
Figure 5~c! shows spectra obtained by including both
~first and second! subbands. Due to the relatively small in-
tersubband splitting, a significant intersubband coupling is
expected. To clarify this effect, in addition to the full CC and
FC results, we also report by dash-dotted line the coupling-
free CC result @i.e., the algebraic sum of the CC spectra of
Figs. 5~a! and 5~b!#. The main manifestation of the intersub-
band coupling is an oscillator-strength transfer toward the
low-energy region, which results in a significant increase of
the first exciton peak and a corresponding decrease of the
second one.
Let us now focus on the excitonic part of the spectrum
and, in particular, let us examine the properties of our quasi-
one-dimensional exciton. In order to derive quantitative in-
formation on the spatial extension of the various excitons
~corresponding to the different wire subbands!, we start by
considering their wave function c(re ,rh) introduced in Eq.
~10!. This is in general a function of six coordinates:
re5(xe ,ye ,ze) and rh5(xh ,yh ,zh). Through translational
invariance along the free wire direction, these reduce to five
coordinates, which can be conveniently chosen as
x5xe2xh , X5(xe1xh)/2, y5ye2yh , Y5(ye1yh)/2, and
z5ze2zh . By taking z50 and averaging the square of the
exciton wave function c over the ‘‘macroscopic coordi-
nates’’ X and Y , we define an effective exciton correlation
function c(x ,y) as
c~x ,y !5E dX dY uc~x ,X;y ,Y ;z50 !u2. ~23!
Figures 6~a! and 6~b! show such correlation function
c(x ,y) ~logarithmic scale! obtained by taking into account,
respectively, the first and the second subband only. Note that
by definition, c(x ,y) is always nonzero and large at the ori-
gin ~self-correlation point: re2rh50). Moreover, depending
on the symmetry and on the degree of localization of the
single-particle wave functions entering Eq. ~10!, it may ex-
hibit additional maxima; This is the case of Fig. 6~b!, where
the two lateral peaks reflect the correlation between the
maxima of the single-particle wave functions localized on
the wire ‘‘wings’’ ~see Figs. 3 and 4!. In Fig. 6~c!, we also
show how the ground-state exciton of Fig. 6~a! is modified
when the lowest two subbands are both taken into account:
The modified symmetry, due to intersubband coupling, lead-
ing to the presence of additional lateral maxima, is clearly
visible. On the contrary, due to the different logarithmic
scales used in these plots, we are not able to appreciate the
increase in the spatial extension of the second exciton @case
(b)#, with respect to the first one @case (a)#.
FIG. 5. Absorption spectra of the V-shaped wire obtained by
including electron-hole Coulomb correlation ~CC model, solid line!
or by assuming free carriers ~FC model, dashed line!. ~a! Only first
subband included; ~b! only second subband included; ~c! both the
two lowest subbands are taken into account. For comparison, the
algebraic sum of the CC curves of ~a! and ~b! ~i.e., coupling-free
case! is reported in ~c! by dash-dotted lines. All spectra were com-
puted assuming a Gaussian energy broadening of 2 meV.
FIG. 6. Correlation function c(x ,y) of the ground-state exciton
obtained taking into account ~a! the first subband only, ~b! the sec-
ond subband only, and ~c! both ~first plus second! subbands. The
plotted region is about 70325 nm and the origin (x5xe2xh50,
y5ye2yh50) is located at the center of the rectangle. A log scale
has been used and all panels are rescaled to the same maximum
value.
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In order to obtain a more quantitative comparison, in Fig.
7 we plot the y50 cross sections of the three correlation
functions of Fig. 6. Now we clearly see an increase of the
spatial extension of the second-subband exciton @case (b)#
compared to the first-subband one @case (a)#. Moreover, the
intersubband coupling in ~c! leads to a spatial localization of
the ground-state exciton with respect to case (a). This is
responsible for the enhanced oscillator strength of the corre-
sponding first exciton peak in Fig. 5~c!, with respect to Fig.
5~a!.
Let us now focus on the continuum region of the absorp-
tion spectra and, in particular, on the dramatic suppression of
the band-edge singularity in the CC results of Fig. 5. From
Eq. ~C21!, the absorption coefficient is proportional to the
product of the oscillator strength ~OS! times the correspond-
ing excitonic DOS r of Eq. ~C20!: We, therefore, study these
two quantities separately. In Fig. 8, we compare the DOS r
obtained within the CC and the FC models ~solid and dashed
lines, respectively!: The difference is hardly visible and the
pronounced peak in the DOS ~broadened 1D singularity! is
not reduced by electron-hole correlation. Figure 9~a! shows
that the quantity, which is mainly modified by CC, is the OS.
Here, the ratio between the CC and FC OS is plotted as a
function of excess energy with respect to the band edge
~solid line!. In agreement with previous results for simplified
1D models,4 such a ratio is always smaller than 1 and van-
ishes at the band edge. Such vanishing behavior is found to
dominate the 1D DOS singularity and, as a result, the ab-
sorption spectrum at the band edge exhibits the regular be-
havior of Fig. 5~a! ~solid line!. The dashed line in Fig. 9~a!
is the resulting ratio between the CC and FC absorption,
commonly named Sommerfeld factor ~SF!. As a conse-
quence of the OS behavior, the SF turns out to be less than
unity over this energy region.
This behavior is opposite to the known results for 2D and
3D cases, where a SF value greater than unity has been usu-
ally ascribed to the attractive electron-hole interaction. It is,
therefore, interesting to elucidate the origin of such behavior
in our case. To this purpose, we recall that for the case of a
single subband the oscillator strength of Eq. ~C23! coincides
with the value at z50 of the correlation function g(z) de-
fined in Eq. ~11!, i.e., the probability of finding the electron
and hole at the same place ~corresponding to the square of
the exciton wave function in a 1D model4!.
In Fig. 9~b!, we plot g(z) for three different values of the
excess energy. Note that its values at z50 correspond to the
values of the OS ratio at the same energies @Fig. 9~a! solid
line#. Moreover, an ‘‘electron-hole correlation hole’’ is
clearly visible, the spatial extension of which strongly in-
creases when approaching the band edge. Therefore, our
analysis of the electron-hole correlation function g(z) con-
firms that the vanishing behavior of the OS in Fig. 9~a! re-
flects a sort of electron-hole ‘‘effective repulsion.’’
To summarize this section, we can conclude that also for
our realistic quantum-wire geometries electron-hole correla-
tion leads to a strong suppression of the 1D band-edge sin-
gularity in the linear-absorption spectrum. This is definitely
due to the strong reduction of oscillator strength which, in
turn, originates from an ‘‘effective electron-hole repulsion’’
typical of 1D systems.
2. Nonlinear response: gain regime
The results discussed so far were all obtained within the
linear-response regime, i.e., in the limit of very low carrier
densities. However, most of the potential quantum-wire ap-
plications, i.e., 1D lasers and modulators, operate in strongly
nonlinear regimes.1 In general, for such conditions additional
aspects become important: screening effects, band renormal-
ization, and phase-space filling. Since all these effects are
already accounted for in the formulation of our generalized
SBE ~Sec. IIB!, our approach can be directly applied also to
FIG. 7. y50 cross sections of the three correlation functions
c(x ,y) of Fig. 6: ~a! first subband only; ~b! second subband only;
~c! both ~first plus second! subbands.
FIG. 8. Electron-hole DOS r of the V-shaped wire close to the
band edge, obtained within the CC ~solid line! and FC model
~dashed line!. Both curves were computed assuming a Gaussian
energy broadening of 0.2 meV. The difference is hardly visible on
this scale ~see text!.
FIG. 9. ~a! Solid line: ratio between CC and FC oscillator
strength ~OS!; dashed line: ratio between the CC and FC absorption
spectra ~Sommerfeld factor, SF!, as a function of the excess energy
close to the band edge. ~b! Electron-hole correlation function g(z)
vs relative distance z5ze2zh for three different values of the ex-
cess energy, identified by the corresponding symbols in ~a!.
g(z50) is the probability of finding the electron and hole at the
same place and gives directly the oscillator strength for the corre-
sponding excess energy.
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the high-carrier-density regime. We believe this is an impor-
tant advantage of the present theoretical approach.
In the following, we show the first quantitative analysis of
nonlinear absorption spectra of realistic V-shaped wire struc-
tures for different carrier densities at room temperature. The
screening model used in the calculation is described in Ref.
12.
Once more, we start by analyzing the simplified case of a
single subband: In Fig. 10, only the lowest wire subband is
included @as in Fig. 5~a!#; The free-carrier @Fig. 10~a!# and
Coulomb-correlated spectra @Fig. 10~b!# are separately
shown for different carrier densities.
In the CC case, we clearly recognize the exciton peak in
the low-density limit ~case A: n5104 cm21). With increas-
ing carrier density, the strength of the excitonic absorption
decreases, due to phase-space filling and screening of the
attractive electron-hole interaction, and moreover the band
renormalization leads to a redshift of the continuum. Above
the Mott density ~here about 83105 cm21), the exciton
completely disappears. At a density of 43106 cm21 ~case
D) the spectrum already exhibits a negative region corre-
sponding to stimulated emission, i.e., the gain regime.
As for the case of the linear-response regime, let us dis-
cuss first the excitonic properties. Figure 11 shows the cor-
relation function g(z) corresponding to the ground-state ex-
citon for the four densities of Fig. 10. In the low-density
limit ~case A , solid line!, we see the typical correlation func-
tion of an attractive electron-hole pair in its ground state.
With increasing carrier density, we approach the Mott tran-
sition: After an initial delocalization, which reflects the
electron-electron and hole-hole screening of the attractive
electron-hole interaction ~case B), the ground-state exciton
level enters the continuum and the electron-hole localization
around z50 tends to vanish ~case C). This is due, in addi-
tion to the screening, also to the Pauli factor (12 f˜e2 f˜h) in
Eq. ~C6!, which for such carrier density tends to vanish. A
further increase in the density leads to the gain regime: The
Pauli factor becomes negative and, as a consequence, the
attractive electron-hole interaction transforms into a repul-
sive one. In such conditions we have a fully continuum en-
ergy spectrum, the ground state of which is characterized by
a very small oscillator strength. The corresponding correla-
tion function ~case D without diamonds! shows a typical
repulsion hole around z50, where its value is strongly re-
duced with respect to that of A , B , and C ~note that curve
D has been magnified by a factor 53105 in Fig. 11!. In order
to better understand the role played by the Pauli factor, we
have also reported in Fig. 11 the result D obtained neglecting
the Pauli factor ~curve marked with diamonds!. In this case,
the electron-hole interaction is screened but still attractive,
thus resulting in a correlation function g(z) similar to that of
cases A–C .
Let us now focus on the continuum region of the spectra
in Fig. 10~b!. By comparison with Fig. 10~a!, we notice that
the typical shape of the band-edge singularity in the ideal FC
gain spectrum is strongly modified by electron-hole correla-
tion. The reason is again understood by analyzing the Pauli-
free oscillator strength ~PFOS! ~Ref. 22! plotted in Fig. 12~a!
for the same carrier densities of Fig. 10~a! together with the
FIG. 10. Nonlinear absorption spectra of the V-shaped wire at
room temperature calculated including only the lowest wire sub-
band for increasing carrier densities: A: n5104 cm21; B:
n553105 cm21; C: n5106 cm21; D: n543106 cm21. ~a! Free-
carrier model, and ~b! Coulomb-correlated model. In case D , the
system is already in the gain regime.
FIG. 11. Electron-hole correlation function g(z) of the ground-
state exciton at densities corresponding to the CC spectra of Fig.
10~b!. For the case D ~gain regime!, the result obtained neglecting
the Pauli factor in Eq. ~C6! is also shown ~curve marked with dia-
monds, see text!.
FIG. 12. ~a! Ratio between CC and FC Pauli-free oscillator
strength ~PFOS! ~Ref. 22! corresponding to the absorption spectra
of Fig. 10. Here, for the case D ~gain regime!, the result obtained
neglecting the Pauli factor in Eq. ~C6! ~curve marked with dia-
monds! is also shown ~see text!. ~b! Electron-hole correlation func-
tions g(z) corresponding to the CC spectra of Fig. 10~b! for an
excess energy of 2 meV. Again, g(z50) is the probability of find-
ing the electron and hole at the same place and reflects the Pauli-
free oscillator strength corresponding to this excess energy @see Fig.
12~a!#.
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corresponding correlation functions g(z) reported in Fig.
12~b!. Also, for relatively high carrier densities ~cases C and
D), the OS corresponding to the CC model goes to zero at
the band edge as previously seen in the low-density limit
@Fig. 9~a!#. As a consequence, the FC peak is strongly sup-
pressed and only its high-energy tail survives. The overall
result is a broader and less pronounced gain region in the CC
case as compared with the FC one.
From a detailed analysis of Fig. 12~a!, we see a qualita-
tively different behavior of the OS in the gain regime ~case
D) as compared to the low-density result ~case A). By con-
sidering the corresponding result obtained neglecting the
Pauli factor ~curve marked with diamonds!, we clearly see
that this transition in the OS shape is mainly ascribed to the
attractive! repulsive transition induced by the Pauli factor.
This is also confirmed from the corresponding correlation
functions g(z) reported in Fig. 12~b!. As for the linear-
absorption regime @Fig. 9~b!#, the correlation functions ~all
corresponding to an excess energy of 2 meV! exhibit a sort
of ‘‘hole’’ around z50. This is well extended in the low-
density limit ~case A), it decreases with increasing carrier
densities ~cases B and C), and, finally, in the gain regime
~case D) it is again well pronounced reflecting the attractive
nature of the electron-hole interaction induced by the Pauli
factor in Eq. ~C6!.
Our analysis of the CC spectra seems also to indicate a
small redshift of the band gap with increasing carrier density,
as previously found for the case of 3D and 2D systems.3,23
However, we consider this result very preliminary: a more
refined screening model ~including nondiagonal terms of the
dielectric tensor12! is required to confirm it and to provide a
more detailed analysis of band-gap renormalization.
Finally, Fig. 13 shows the full nonlinear spectra for our
realistic V-shaped wire, with the 12 lowest subbands in-
cluded. For the present wire geometry, the multisubband na-
ture is found to play an important role in modifying the
typical shape of the gain spectra, which for both the FC @Fig.
13~a!# and the CC model @Fig. 13~b!# extend over a much
larger range than in the single-subband case ~Fig. 10!. The
intersubband-coupling effects and the Coulomb-induced sup-
pression of the 1D singularities both contribute together to
the smearing of the structures in the high-carrier-density ab-
sorption spectra and in the gain profile.
Our analysis indicates that, for the typical structure con-
sidered here ~where we have assumed negligible disorder and
scattering-induced broadening!, the shape of the absorption
spectra over the whole density range greatly differs from the
sharp 1D spectrum predicted by any free-carrier model.
IV. SUMMARY AND CONCLUSIONS
We have presented a theoretical analysis of the linear and
nonlinear optical properties of realistic quantum wires. Our
approach is based on a numerical solution of the semicon-
ductor Bloch equations describing the multisubband 1D sys-
tem. In spite of its accuracy, the method is very flexible and
allows us to study realistic wires of arbitrary geometry. We
have applied such approach to a typical V-shaped structure,
the parameters of which reflect the current state-of-the-art in
the quantum-wire fabrication.
The role of electron-hole Coulomb correlation has been
discussed by a systematic comparison with the correspond-
ing free-carrier spectra at various carrier concentrations. In
addition to the strong excitonic features typical of the low-
density limit, we have found, in general, a suppression of the
1D band-edge singularities, which has been ascribed to a
strong reduction of oscillator strength, originating in turn
from an ‘‘effective electron-hole repulsion’’ typical of 1D
quantum confinement.
In the high-density regime, the realistic multisubband
wire spectrum shows an extended gain region with relatively
broad structures. By comparing the nonlinear multisubband
absorption spectra with ideal single-subband spectra, we can
conclude that the large gain region is mainly due to the small
intersubband splitting compared to the single-subband gain
range. This confirms that, in order to obtain sharp gain pro-
files, one of the basic steps in quantum-wire technology is to
produce structures with increased subband splitting.
Finally, we notice that the disorder-induced inhomoge-
neous broadening, not considered here, is known to increase
significantly the spectral broadening9 and this effect is ex-
pected to increase with increasing subband splitting. There-
fore, small but extremely high-quality structures ~i.e., single-
monolayer control! seem to be the only possible candidates
for successful quantum-wire applications.
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APPENDIX A: SOLUTION
OF THE 2D SCHRO¨ DINGER EQUATION
Let us consider the set of basis wave functions
fnxny
0 ~x ,y !5
1
ALxLy
ei~kxx1kyy !, ~A1!
FIG. 13. Nonlinear absorption spectra of the V-shaped wire at
room temperature calculated including the lowest 12 subbands for
increasing carrier densities: A: n5104 cm21; B: n5106 cm21;
C: n543106 cm21; D: n523107 cm21. ~a! Free-carrier model,
and ~b! Coulomb-correlated model.
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with kx52pnx /Lx , ky52pny /Ly . Here, Lx and Ly denote,
respectively, the x and y size of the 2D periodicity box. The
solution of the 2D Schro¨dinger equation ~1! can be expanded
in terms of such plane-wave representation as
f~x ,y !5(
l
c lf l
0~x ,y !, ~A2!
where the compact notation l[kxky has been introduced. As
a consequence, Eq. ~1! is transformed into the eigenvalue
problem:
(
l8
~Hll82ed ll8!cl850, ~A3!
with
Hll85Tld ll81E
V
dx dy f l
0*~x ,y !Vc
e/h~x ,y !f l8
0
~x ,y !.
~A4!
Here, V5LxLy denotes the 2D volume, while
Tl5\2(kx21ky2)/(2me/h) is the kinetic energy corresponding
to the plane-wave state l . The carrier energy levels, i.e., the
eigenvalues e and the corresponding eigenfunctions ~in terms
of the eigenvectors cl) are obtained by direct diagonalization
of the single-particle Hamiltonian matrix Hll8. This approach
can be easily generalized to the case of an applied magnetic
field as described in Ref. 13.
For the V-shaped wires considered in this paper, we have
used a set of about 2000 plane waves within a periodicity
box of about 130340 nm ~see Fig. 1!. This allows us to
obtain, with high accuracy ~better than 1%!, the first twelve
electron and hole energy levels ~see Fig. 2! used as ingredi-
ents for the solution of the SBE. However, for a detailed
analysis of high-energy states ~close to the 3D continuum!,
convergence problems may arise for two reasons: first, the
number of plane waves could be inadequate, and second, a
fictitious interwire coupling due to the finite dimensions of
our periodicity box may play some role. By increasing the
number of plane waves and the size of the box, we have
checked that this is definitely not the case for the ‘‘close-to-
gap’’ energy region discussed in this paper.
APPENDIX B: EVALUATION
OF THE COULOMB MATRIX ELEMENTS
In order to evaluate the Coulomb matrix elements intro-
duced in Eq. ~6!, we start by replacing the potential V0 by its
3D Fourier expansion:
V0~r!5(
q
V˜qeiqr. ~B1!
After this substitution, we obtain
Vk
z
1n1,k
z
2n2;k
z
3n3,k
z
4n4
0
5(
q
V˜qE drE dr8 Fk
z
1n1
e/h*
~r!Fk
z
2n2
e/h*
3~r8!eiqr2r8Fk
z
3n3
e/h
~r8!Fk
z
4n4
e/h
~r!
5(
q
V˜qE drFk
z
1n1
e/h*
~r!eiqrFk
z
4n4
e/h
~r!
3E dr8 Fk
z
2n2
e/h*
~r8!e2iqr8Fk
z
3n3
e/h
~r8!.
~B2!
This leads to a factorization of the two space coordinates r
and r8, therefore suggesting the introduction of the following
form factors:
Fkzn ,kz8n8;q5E drFkzne/h*~r!eiqrFkz8n8e/h ~r!. ~B3!
In terms of these form factors, the Coulomb matrix elements
can be simply written as
Vk
z
1n1,k
z
2n2;k
z
3n3,k
z
4n4
0
5(
q
V˜qFk
z
1n1,k
z
4n4;qFk
z
3n3,k
z
2n2;q
*
. ~B4!
Therefore, the evaluation of the Coulomb matrix elements in
Eq. ~6! reduces to the evaluation of the form factors F in Eq.
~B3!.
If we now insert into Eq. ~B3! the factorized form of the
wave functions
Fkzn
e/h~r!5fn
e/h~x ,y !
1
ALz
eikzz, ~B5!
we obtain
Fkzn ,kz8n8;q5E dx dy fne/h*~x ,y !ei~qxx1qyy !fn8e/h~x ,y ! 1Lz
3E dz ei~kz82kz1qz!z
5E dx dy fne/h*~x ,y !ei~qxx1qyy !fn8e/h~x ,y !
3d~kz82kz1qz!. ~B6!
The remaining 2D integral over the xy plane can be easily
rewritten in terms of the plane-wave representation discussed
in Appendix A. More specifically, by replacing the 2D eigen-
functions with their plane-wave expansion given in Eq. ~A2!
and using the orthonormality of the plane waves over the 2D
periodicity region, we obtain
Fkzn ,kz8n8;q5d~kz82kz1qz! (
nxny ,nx8 ,ny8
cnxny
* cn
x8 ,ny8
3d~kx82kx1qx!d~ky82ky1qy!. ~B7!
Therefore, for any shape of the confinement potential, start-
ing from the numerically computed eigenvectors cnxny, we
are able to obtain the various form factors F which, in turn,
allow us to numerically compute the desired Coulomb matrix
elements.
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APPENDIX C: SOLUTION
OF THE POLARIZATION EQUATION
As discussed in Sec. IID, the polarization equation ~17! is
solved within the so-called stationary approach, i.e., by com-
puting polarization eigenvalues and eigenvectors. This con-
sists in finding solutions of the form
pkzn~ t !5pkzne
2i~Et/\!
. ~C1!
By inserting this stationary solution into Eq. ~17! together
with the explicit form ~15! of the internal field DU and by
treating the external-field term U as a source term, the cor-
responding homogeneous equation can be rewritten as
~Ekzn
e 1E2kzn
h 2E!pkzn2(12 f˜kzn
e 2 f˜2kzn
h )
3 (
kz8n8
Vkzn ,kz8n8;kzn ,kz8n8
eh pk
z8n8
50. ~C2!
By introducing again the compact notation l[kzn , the above
equation can be easily transformed into the following eigen-
value problem:
(
l8
~Sll82Ed ll8!pl850, ~C3!
with
Sll85Tld ll82Wll8. ~C4!
Here,
Tl5Tkzn5Ekzn
e 1E2kzn
h ~C5!
denotes the renormalized optical-transition energy, while
Wll85Wkzn ,kz8n85~12 f˜kzn
e 2 f˜2kzn
h !Vkzn ,kz8n8;kzn ,kz8n8
eh
~C6!
is the screened electron-hole Coulomb matrix element
weighted by the corresponding Pauli factor.
From a direct diagonalization of the matrix S , we obtain a
set of polarization eigenvalues El and eigenvectors pl. As
discussed in Sec. IIC, the microscopic polarization Pkzn is
directly related to the excitonic wave function c @see Eq.
~10!#. Therefore, the diagonalization of the matrix S provides
all the excitonic properties of the system: The set of eigen-
values El gives the energy spectrum that reflects all the ex-
citonic properties of the quantum-wire structure, e.g., the ex-
citon binding energies and the DOS of the continuum. For
each energy level El of the interacting electron-hole system
~i.e., for each exciton eigenstate!, the knowledge of the cor-
responding eigenvector pl allows us to compute its exciton
wave function c according to Eq. ~10!. Moreover, the vari-
ous elements pl
l of a given eigenvector pl, being the com-
ponents of a given exciton eigenstate l in the basis of the
free-particle states l , correspond to the scalar product be-
tween excitonic and free-particle states:
pl
l5^lul&, pl
l*5^lul&. ~C7!
Therefore, they are the matrix elements of the unitary trans-
formation, which connects the excitonic to the free electron-
hole picture.
Finally, let us evaluate within our stationary approach the
optical susceptibility x(v) introduced in Eq. ~20!. Due to the
linearity of the polarization equation ~17!, the optical suscep-
tibility, being its Green’s propagator, is independent of the
particular choice of the external field E0(t). Therefore, we
are allowed to consider as a laser field the convenient
d-like laser excitation,
E0~ t !5E˜d~ t !, ~C8!
characterized by a constant ~frequency-independent! Fourier
transform,
E~v!5E˜. ~C9!
With this particular choice of the external laser field, the
polarization equation ~17! can be written as
]pl
]t
5
1
i\(l8
Sll8pl81
iE˜
\
M˜ ld~ t !, ~C10!
where
M˜ l5M˜ kzn5Mkz ,nn~12 f˜kzn
e 2 f˜2kzn
h ! ~C11!
is the optical matrix element weighted by the corresponding
Pauli factor. If we now apply to Eq. ~C10! the unitary trans-
formation l!l ~free carriers! excitons! given in Eq. ~C7!,
we obtain
]pl
]t
5
El
i\ p
l1
iE˜
\
M˜ ld~ t !, ~C12!
with
M˜ l5(
l
pl
l*M˜ l . ~C13!
The solution of this equation is simply given by
pl~ t !5
iE˜
i\ M
˜ le2iE
lt/\
. ~C14!
Starting from the above result, we can now evaluate within
our excitonic picture l the total polarization introduced in
Eq. ~18!:
P~ t !5
1
V (l M l*pl~ t !5
1
V (l M
l*pl~ t !
5
iE˜
\V(l M
l*M˜ le2 iE
lt/\
,
~C15!
where
Ml5(
l
pl
l*Ml ~C16!
denotes the optical matrix element within our l representa-
tion.
The final step in the derivation of the optical susceptibility
x consists in evaluating the Fourier transform ~19! of the
total polarization:
16 472 53FAUSTO ROSSI AND ELISA MOLINARI
P~v!5E
2`
`
dt eivtP~ t !5
2piE˜
V (l M
l*M˜ ld~\v2El!.
~C17!
The optical susceptibility is then given by
x~v!5
2pi
V (l M
l*M˜ ld~\v2El!. ~C18!
As discussed in Sec. IID, the absorption spectrum a(v)
is proportional to the imaginary part of the optical suscepti-
bility and, in our case, is given by
a~v!}Im@x~v!#}(
l
Re@Ml*M˜ l#d~\v2El!. ~C19!
If we now consider that the quantity
r~\v!5(
l
d~\v2El! ~C20!
is just the excitonic density of states at energy \v , we can
finally write the absorption spectrum as
a~\v!}a~\v!r~\v!, ~C21!
where the OS
a~\v!5^Re@Ml*M˜ l#&El5\v ~C22!
has been introduced. This is defined as the average value of
the quantity Re@Ml*M˜ l# over all the states l with energy
\v . From Eq. ~C21!, we see that the absorption spectrum
can be always regarded as the product of the oscillator
strength a times the corresponding excitonic DOS r .
In the low-density limit ~linear-response regime!, the
Pauli factor in Eq. ~C11! is equal to unity, M˜ l reduces to
Ml, and the oscillator strength is given by
a lr~\v!5^uMlu2&El5\v . ~C23!
Moreover, for the case of a single-subband system, it can be
easily shown that the above oscillator-strength coincides
with the value of the correlation function g introduced in Eq.
~11! for z50, a well known result for the case of simplified
1D systems.4
As a final remark, we want to stress that within the pro-
posed approach the quantities a and r from which the ab-
sorption spectrum originates can be directly computed from
the knowledge of the polarization eigenvalues El and eigen-
vectors pl, thus avoiding any time-dependent analysis.
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